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Abstract

In this work, coefficient bounds and the Fekete-Szeg6 functional for functions analytic in the unit
disk A = {z € C: |z| < 1} and belonging to the class

DI Dn+1
%) = {f € A: [(1 2D, an’ég)] < ﬁ(z)}

where z € A, 7 € [0,1], n € Ny and £(2) is analytic in A such that R (z) > 0, £(0) = 1 and
B'(z) > 0 and maps A onto a region starlike with respect to 1 and symmetric with respect to the real
axis were established.

Keywords: Analytic functions, subordination, Salagean differential operator, Ma-Minda function

Upper Estimates for Coefficients Bounds and Fekete-Szegd Functional of a Subclass of Univalent Functions Defined by Salagean Differential Operator


mailto:awoyaleolusegun@gmail.com
https://doi.org/10.5281/zenodo.17365375

Kontagora Journal of Mathematics(KJM), Volume 1, Issue 1, September 2025 hiips:/ /iuekjournals.org/index.php /KM

Introduction

An interesting aspect of complex analysis is Geometric Function Theory (GFT), which focuses on
geometric properties of analytic functions that has applications in different areas of mathematics, such

as mathematical physics, conformal mappings and special functions.
Let A denotes the set of functions that are analytic in the unit disk
A={zeC|z| <1},

And let § denotes a subclass of A consisting of functions that are analytic-univalent in the unit disk A

and has the series form

f(@)=z+ ) a,zk (D
kZZ .

satisfying the conditions: f(0) =0, f'(0) = 1and z € A.

In 1916, Bieberbach stated that for functions f € §, the modulus of the second coefficient is less or
equal to 2, i.e |a,| < 2 [7]. He went on to conjectured that |a,| < k which is known as Bieberbach
conjecture. This conjecture, which was a long-standing problem in geometric function theory was
eventually proven by Louis De-Branges in 1985 [6]. Duren [7] emphasised that coefficient problem

involves determining (a4, a,, ..., ay) corresponding to functions in S.

Considerable attention has been devoted to estimating upper bounds for coefficients and the Fekete-
Szeg6 functional of functions belonging to various well-known subclasses of §. These include
starlike, convex, close-to-starlike, close-to-convex functions, as well as generalisation of these

subclasses defined via differential, integral and g-differential operators (See [2, 3, 8, 9, 10,11,12]).
Let f and g be analytic functions f < g, if there exists a function,

w(z)=cz+ 2> + 323+, (Jw(2)| <1, w(0)=0 and zE€A), (2)
such that f(z) = g(w(2)). If g is univalent inA, then

f<g ifandonlyif f(0)=g(0) and f(A)c g(A
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Definition 1. A function p € P is a function with positive real part (Caratheodory function) if

p(z) =1+ Z pmz™ Rp(z) >0, p(0)=1 and zE€A (3)
m=1

Mobius function is an extremal function in class?,

1+z -
MO(Z)=1_Z=1+ZZZm, z € A 4)

m=1
Definition 2. A function w € W is a Schwarz function if
w(z) =cz+cz2 + 3z + -, (lw(@)] <1, «0)=0 and zE€A).
It has been established that w(z) and p(z) are interrelated by

1+ w(z) _p@)-1

p(z) = =0l = w(z) = (D)1’ (zed) (5)

Substituting (3) into (5) and with further evaluation gives,

1 p7\ , P\ ,
CU(Z)—E P1Zt\P2 =5 |25 ¥ \Ps—PiP2 7 |27+ ) (6)

In 1992, Ma-Minda [9] introduced an analytic function 8 (z) by combining various kinds of functions
in P,

f(z) =1+ byz+ byz?> + byz3+--, (by>0, b,€ER, z€A). (7)

Here RB(2) >0, B(0) =1, B'(0) =1, B(z) maps A on a region starlike with respect to 1 and

symmetric with respect to the real axis. Putting (6) into (7), simplifying further gives
b b p?\ b
Blw@) =1+ piz+ (71 (pz - 71> + fpf) 22

b, p3 b, pi bs
+<7<ps—plpz+71 to (P = )+ gpi) 2+ ®)

Definition 3. Let f € A, then Salagean differential Operator D" f (z): A — A is defined by
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D°F(2) = f(2), mﬂ@=mf@).nzwﬂ@=pwmv@n=z+§}m%f,n
k=2
€N, 9)

Bello [7], in one of her works obtained some properties of a class of analytic functions defined by
Salagean differential operator.

2 Applicable Lemmas

Lemma 1 [4]. Let p € P as defined in(3). Then

lpml <2 V meN (10)
Lemma 2 [4]. Letp € P. Then
2(1-A), ifA<0
pi| _ )2, if0<A<?2
p —A—| < .
2 2(A—1), iftA>2 (11

2max[1,|1 = Al], ifA€C
Lemma 3[1] Letp € P. Then
lup3 — vpip, + wps| < 2|ul + 2|v — 2u| + 2|lu — v + w| (12)
Lemma 4 [10]. Let p € P. Then

~ - {2, ifospu<1 (13)
Pivj — upipjl < 2|12u — 1|, elsewhere
3 Main results

A function f € A isin A}, (B), if the subordination condition

D"f(x) D[ (@)
D" (@)

1-17)

l < B(2) (14)

holds for z € A, 0 <t <1, B(z) is Ma-Minda function (7) and D"f(z) is Salagean differential

operator.

Remark 1. If t = 0, n = 0 and 8(z) = M,(2), then
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@ < My(2),

IS a geometric condition for Yamaguchi functions [11].
Remark 2. If t = 1, n = 0 and B(z) = My(2), then

zf'(2)
f(@)

< My(2),

is a geometric condition for starlike functions.

In this work, the upper estimates for initial coefficient bounds and the Fekete-Szegd functional of

functions in A}, (B) were established.

Theoreml. Let f € A% (), then

b
|az| < 5
_ 2"+ )by + 2% by
las| < on . 3ng
by (A + 3A(A — 1)by + 2(A — 1)%b,) + 2"|b,|(54 — 3)
las] < 22" 4B
2b; —3b, +9b; (A —1)[4b? + 8Db2 + 4D?] 2(A—1)b, 3 .\ 3(A-1)D
las| < 5nC + 2-3".5742C M T [2b1 4 (bz * §b1> A ]
(A—1)bf 5(A—1)[2b3 +4Db,]
Tt 22-m5nAC ’ (15)

where A= (1+17), B = (1+27),C=(1+30)andD = b, + (A— D2,

Proof. Let f € AL (). By subordination, there exists a functionw(z), w(0) = 0 and |w(z)| < 1 such
that

D@ an+1f (2)
D f(2)

(1-1) = B(w(2)) (16)

Substituting (9) into LHS of (16) and simplifying further gives
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1+ 2"ayz + (1 +1)3"as — 12"a3)z? + ((1 + 21)4"a, — 12"3"* a,a; + 23"a3)z®

+ ((1 + 37)5™as — 12°"* 2a,a, — % - 3%"a3 + 15 - 2*"3"aZa; — 1%24"ad)z*
+ cee

(17)
Also, replacing RHS of (16) by (8), we have

b,
1 + ?plz +

b p? b p3_ b p: b
(71 (2 =)+ fﬁ)zz + (71(103 —pipz+) +72p1(pz -2 +§3pf 2
4o (18)

Comparing coefficients of z in (17) and (18) gives the following equations

b
M, = 1P1

5 (19)

b 2 b
((1+ 13"z —12"a?) = %(pz - %) + Zzpf (20)

((1+ 20)4"%a, — 12"3" a,a; + 23"a?)

by s b, pi bs
=7(P3_P1P2+Il +— (P -5 )+ 5Pl (21)
((1 + 31)5™as — 123" 2a,a, — 12 - 3%"a3 + 15 - 22"3"a3a; — 124™a?)z*
by 3pip. P pi\, ba pi 3bs pi
=7<m—p1p3 +%—7—§ + 4\ P1Ps = Pipa + = pip2 +piP; | + 5 (piva — ) (22)
From (19), (20), (21) and (22), a,, as, a, and as were obtained respectively after some calculations.
bip,
az = 2n+1 (23)

b, P% pf bf
s _2-3n(1+r)<p2_7 trmar o\t T

o (24)

a = by _ _I_P_f n b,p4 n 3bep1 _P_%
¢ T i 4o \P3 T P2 T Y 22+ (1 + 27) | 22nv2(1 + 20) ) \P2 T 2

+ 3ot byt ok 25
21+ ) (1 +20)\ 2" "on (25)
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b 3 p3 ) p4
(1+31)as = 7(19 —pips + 4P1P2 -y ——) + (p1p3 Pitpato— pipz + pip3)
3b3 Pf
+?(prz —7)

+— (2, ——2)2+b 2( pl)(b +T—)+p—1(b +rb—2)
2 37(1 + 1)? 1Pz =50, i

Thips s b1 Pl pi 3tpi b?
a+o (bl(Ps —p1b2 t+ _) + (bzpy + ) (P2 — _) 21+ 1) (b +7 2“)

5T Pl blpl b12 thip?
Taking bound on (23) and applying lemma 1 gives
b,
jaz] < o7 (27)

Also, taking bound on (24) gives

_ by pi pi b?

o] = |m(?’ 2)trearo\2t ) @9
With application of Lemma 2 (when A is 1) and Lemma 1 on (28), we have
(2™ 4+ )by + 2™|by|
Jas| < ~—— (29)

Furthermore, taking bound on (25) gives

by Pf N b,p4 n 3bepl _ P_%
iy 2z \P2 PPt )t a2 T2 1 20 )\ P2 T 2

N 31p2 - b?
21+ ) (1+ 20\ 2 ‘on

lay| =

(30)

Application of Lemma 3 (whenu =-, v =1, w = 1), Lemma 2 (when A = 1) and Lemma 1 results

.M»—\

to

b (A + 3A(A — 1)by + 2(A — 1)%by) + 2™|b,|(5A4 — 3)
|a4| S ZZnAB

(31)

Finally, taking bound on (26) gives
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b, 3 p; i b, pi
—<p4—p1p3 2PiP2 = =5 |+ | Pips =PI + 2 + 5 — pip2 + piD;

|(1+37)as| =

3b3 pi

+?(P5Pz—7l)
__ ! 2 4 b2 pi, ., bE Pt BE,
+2.3n(1+T)2 1(p2——) + pl(Pz——)(z+T—)+—(2+T2—n)
Thipy

4 ip pi 3pi b
<b1<p3—p1pz+¢1)+<bzpl B 1)(p2 B0+ s (b + 150)°

(1+1) 21714+ 1) 2n

5T pi b1P1 Tblpl
_ = | B3p2(p, = 32
AT <b1p1 (P2 =) + 5= (b + ) (32)
Applying Lemma 4 (wheny = 1), Lemma 2 and Lemma 1 results to
2b, —3b, +9b; (A —1)[4b? +8Db? + 4D?] 2(A—1)b, 3(A—1)D
lasl < ——gwe—— + 23" 57A%C T snBC [2b1+4<b2+§b1>+ 2-m) ]
(A—1)b* 5(A—1)[2b3 + 4Db,]
3
+ 5nC + 22-n5nAC ’ (33)
where A= (141),B=(1+21),C=(1+37)and D —b1+(A—1)—. O
Theorem 2. Let f € A} (), then
2", + th? — 627 "3"(1 + 1)b?
(27D, + 107 — O ( T)1, ifo < T,
2" % 3(1+ 1)
by ifT, <o <T
FS(o,f) = las —oa3| < {37(1 + 1)’ Ph=o=n
027 "3"(1 + 1)b? — 2™b, — Th?
ifo >T. 4
27 37(1 + 1) » Ho=5 34
\2max[1, T5], ifo €C
where
5 _ 2M((@hy = 2M)by + 2"hy) _ 2"((zby + 2™)by + 2"b,)
v 3n(1 + 1)b2 T 3n(1 + 1)b? S

_027"3"(1 + 1)bf — tbf — 2"h,
B 271 3n(1 + 1)

Proof. From (24) and (23),
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b, p? (2"b; — 2™b, — Th? + 627 3" (1 + 1)b?
b2 — = (35)

R R S
70N =31+ 1) 2 2nb,

Which implies that,

by
2-3(1+1)

las — oa3| = Pz‘? 2nb,

( p? <2"b1 — 2"b, — Tb% + 627 "3"(1 + T)bf))‘

From (35), let

A 2"b; — 2™b, — Th? + 027"3™(1 + T)b?
B 2nb,

Applying Lemma 2 on 35 so that,

2 n 2 -n2n 2
pi _ 2"by + by —027"3"(1 + 7)bg
P2 — A7 <2(1-A)= 21+ b, (36)
If A <0, we have
on —n on
o< ((zhy )by + 2"by) 37)
3n(1 + 1)b?
Also,
2
, - A%l <2, (38)
if 0 < A < 2, weobtain
2™"((thy — 2™)by + 2™b,) 2™"((thy + 2™)by + 2™b,)
1n 1 2 2 <o< 1n 1 - 2 (39)
3"(1+ t)b; 31+ 1)b;
Furthermore,
Apf <2A-1) = 627 "3"(1 + 1)b? — 2"b, — Th? 40
pz 2 — - Zn_lbl ) ( )

if A > 2, we have

1
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- 2" ((thy + 2)b, + 27by)
o=
3"(1+1) bf

(41

Finally,

d27"3"(1 + 1)b? — tb? — 2"b,
27h,

2
P1

— A_

P2 )

< 2max(1, |1 — A]) = 2max <1, ), (42)

if A € C. Substituting (36) — (42) into (35) gives the desired results. O

Conclusion

This study established upper estimate for coefficient bounds and the Fekete-Szegd functional for
functions in A% (f), defined via subordination using Séldgean differential operator associated with
Ma-Minda function. The subclass generalises some well known subclasses of univalent functions. By
varying the parameters our results recover those of existing subclasses like Yamaguchi and Star-like
functions. The work done here may be further investigated using more general operators to extend the

class or study applications in related fields such as complex dynamic systems.

Recommendations

This work explores rich areas of geometric function theory, where the study of coefficient bounds and
Fekete-Szego functional continues to yield deep insights into structure and behaviour of analytic-
univalent functions, these properties are applicable in engineering for control systems and mechanical

designs, etc.
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